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AN ANALOGUE OF THE LEVY-HINCIN FORMULA FOR BI-FREE 
INFINITELY DIVISIBLE DISTRIBUTIONS 

YINZHENG GU*, HAO-WEI HUANG*, AND JAMES A. MINGO* 


Abstract. In this paper, we derive the bi-free analogue of the Levy-Hincin formula 
for compactly supported planar probability measures which are infinitely divisible 
with respect to the additive bi-free convolution introduced by Voiculescu. We also 
provide examples of bi-free infinitely divisible distributions with their bi-free Levy- 
Hincin representations. Furthermore, we construct the bi-free Levy processes and the 
additive bi-free convolution semigroups generated by compactly supported planar 
probability measures. 


1. Introduction 

Around thirty years ago, Voiculescu introduced free probability theory in order to at¬ 
tack some problems in the theory of operator algebras. He introduced free independence, 
an analogue of the classical notion of independence, with the intention of studying these 
problems in a probabilistic framework. The (additive) free convolution ffl, an analogue 
of the classical convolution *, is a binary operation on the set of compactly supported 
probability measures on R which corresponds to the sum of free random variables in a 
non-commutative probability space. This operation was later generalized to the set Mr 
of Borel probability measures on R by Bercovici and Voiculescu [3] . One of the essential 
functions in the theory is the free 7^-transform of measures in Mr, which linearizes the 
additive free convolution [a [3]. The combinatorial apparatus of free cumulants and the 
lattice of non-crossing partitions, introduced by Speicher m, also play important roles 
in free probability theory for the study of sums and products of free n-tuples of random 
variables. 

Either in classical or free probability theory, infinitely divisible probability measures 
play a central role. A probability measure ^ S Mr is said to be ^-infinitely divisible 
(resp. ffl-infinitely divisible) if, for every n G N, it can be represented as an n-fold 
classical (resp. free) convolution of some probability measure in Mr. Measures which 
are ^-infinitely divisible were first studied by de Finetti, Kolmogorov, Levy, and Hincin 
as they arise as the limit distributions of sums of independent random variables within 
a triangular array. The logarithm of the Fourier transform of a ^-infinitely divisible 
distribution permits an integral representation called the Levy-Hincin representation. On 
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the other hand, ffl-infinitely divisible distributions were first investigated by Voiculescu, 
and since then the theory has been well-developed. The theory of ffl-infinitely divisible 
distributions generalize the free central limit theorem as they appear in the limits of 
triangular arrays of freely independent random variables. Likewise, the free Levy-Hincin 
formula gives a complete description of ffl-infinitely divisible distributions. We refer the 
reader to I3I1[T] for more details. 

Furthermore, infinitely divisible distributions are closely related to stationary pro¬ 
cesses with independent increments. From the theoretical and applied points of view. 
Levy processes form a very important research area in classical probability theory. Such 
processes in free probability theory also receive a lot of attention. By analogy with 
classical probability theory, the distributions fit of Xt in an (additive) free Levy process 
(Xt) i>o satisfy the properties that fiQ — Jo (the point mass at 0), the weak convergence 
of fit to Sq as t > O’*", and the semigroup property relative to the free convolution; 

(1.1) fisS fit = ^J-s+t, s,t>0. 

As in the classical case, the distribution fii of Xi is ffl-infinitely divisible. 

For n G N and ft € A^r, denote by /i„ the n-fold free convolution of fi. One peculiarity 
of the free convolution is that the discrete free convolution semigroup {fin)nen can be 
embedded in a continuous family (fLt)t>i which satisfies the semigroup property (HU 
for s,t > 1. This elegant result for a compactly supported measure fi, proved by Nica 
and Speicher , has no parallel in classical probability theory. The exhibition of explicit 
random variables whose distributions are measures in {fit)t>i bas several applications in 
random matrix theory. 

Recently, Voiculescu [mus] introduced bi-free probability theory in order to study 
algebras of left operators and algebras of right operators simultaneously. This gives rise 
to the notions of bi-free cumulants, bi-free 7^-transform, and the operation of (additive) 
bi-free convolution. In this paper, we prove a bi-free limit theorem for sums of bi-free 
pairs of random variables within a triangular array, and define the fflffl-infinite divisibil¬ 
ity of planar probability measures in a natural manner. One of the main goals of this 
paper is to characterize the bi-free 7?.-transforms of compactly supported planar prob¬ 
ability measures which are fflffl-infinitely divisible, and derive their bi-free Levy-Hincin 
representations. With the help of a bi-free limit theorem, we are able to provide some ex¬ 
amples, such as the bi-free Gaussian and bi-free (compound) Poisson distributions, which 
are fflffl-infinitely divisible. A natural object in the study of the fflffl-infinite divisibility 
of distributions is the extension of the notions of free Levy process and free convolution 
semigroups to the bi-free setting. Another goal of this paper is to prove the existence 
of the additive bi-free convolution semigroups generated by compactly supported planar 
probability measures. The main tools used throughout the paper are the combinatorics 
developed in free and bi-free probability theories. 

This paper has four more sections after this introduction. Section 2 provides back¬ 
ground information on the development of bi-free probability theory based on [niiisiiHi 
[6] . Section 3 contains the derivation of the bi-free Levy-Hincin formula. Sections 4 and 
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5 are dedicated to the study of bi-free Levy processes and additive bi-free convolution 
semigroups. 


2. Preliminaries 

2.1. Bi-free independence and bi-free cumulants. We start by reviewing some 
definitions and results from [151 [8l|6]. An ordered pair {B,C) is said to be a pair of 
(included) faces in a non-commutative probability space (A, if) if B and C are unital 
subalgebras of A, in which B and C are called the left and right face, respectively. In 
[TSl Definition 2.6], Voiculescu defined bi-free independence for pairs of faces as follows. 

Definition 2.1. A family tt = {{Bk,Ck)}k&K of pairs of faces in {A, (f) is said to be bi- 
free if there exists a family of vector spaces with specified vector states {{Xk, Xk, f,k)}keK 
and unital homomorphisms £k ■ Bk ^ C{Xk), Vk '■ Ck ^ B(Xk) such that the joint 
distribution of tt with respect to (p is equal to the joint distribution of tt = {{Xk o 
£k{Bk),Pk ° rk{Ck))}kGK with respect to the vacuum state on C{X), where {X,X,f) = 
*k&KiXk,Xk,f,k), Xk and pk are the left and right representations of C{Xk) on C{X). 

Let / and J be index sets. If {b")i^i, (c')jgj, are elements of A, then 

the two-faced families of non-commutative random variables ib',c') = ((b')i^/, (cb)j^j) 
and {b",c") = {{b'l)i^i,{c'-)j^j) are said to be bi-free if the associated pairs of faces 
(C(5' : i G /),C(c' : j G J)) and (C(6" : i G I),C{c'j : j G J)) are bi-free (see [HI 
Section 2]). Moreover, if {b',c') and (6",c") are bi-free with joint distributions p,' and 
p", respectively, then the joint distribution of ((6' -I- b'f)i^i, (c' -I- c'-)j(zj) is called the 
additive bi-free convolution of p' and p" ^ and is denoted by p’ ffl ffl/i" (see m Section 

4]). 

It was shown in m Section 5] that there exist universal polynomials, called bi- 
free cumulants, on the mixed moments of bi-free pairs of two-faced families of non- 
commutative random variables which linearize the additive bi-free convolution. However, 
there were no explicit formulas for the bi-free cumulants. Later, Mastnak and Nica 
defined (£, r(-cumulants and combinatorial-bi-free independence in [8] as follows. 

Definition 2.2. Let (A, p) be a non-commutative probability space and let [n] denote 
{I,..., n} for n > I. There exists a family of multilinear functionals 

which is uniquely determined by the requirement that 

(p(ai---a„)= ^ I K;,^|y((ai,...,a„)|P) 

7r€7^(^)(n) Vv^^TT 

for every n > I, x : [n] —>■ {£, r}, and ai,..., a„ € A. These {K.x)n>i,x-[n]^{i,r} are called 
the {£,r)-cumulants of {A,p). 

Given y : [r] —>■ n > 1, such that X~^({^}) = {*i < ‘ < *p} and X~^({r’}) = 

{ji < ■■■ < jn-p}, the set of partitions appearing in the above definition is 
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obtained by applying the permutation cr^ G to the elements of NC(n), the set of 
non-crossing partitions of [n], where is defined by 


a^{k) = 


jn—k+1 •) 


if fc < p, 
if fc > p. 


Definition 2.3. Let (.4, p) be a non-commntative probability space and let oi,..., ad, 
bi,... ,bd be elements of A. Denoting Ci-i = and Ci-r = bi for 1 < i < d, the two-faced 
pairs (oi, bi ),..., (a^, bd) are said to be combinatorially-bi-free if 

whenever n > 2, y : [n] —>■ ii,... G [d], and there exist 1 < p < g < n such 

that ip ^ iq- 


After giving the above definition, Mastnak and Nica asked the question of whether 
combinatorial-bi-free independence was equivalent to bi-free independence, and it was 
answered affirmatively by Charlesworth, Nelson, and Skoufranis in using bi-non¬ 
crossing partitions. We refer the reader to [5J Section 2] for details. For y ■ W 
n > 1, such that y“H{^}) = {h < ■ ■ ■ < ip} and y“^({?’}) = {ji < • • • < jn-p}, the 
set of bi-non-crossing partitions BNC(y) defined in 0 Section 2] coincides with V^^\n) 
which, from another diagrammatic point of view, consists of the non-crossing partitions 
of [n] such that the numbers 1,..., n are rearranged according to the total order on 
[n] defined by 

*1 ^x ■ ■ ■ ^x ^x Jn-p <x ' ■ ■ <x J^- 

For this reason, we also denote = BNC(y) by NC^(n). As lattices with respect 

to reverse refinement order, NCj^(n) is isomorphic to NC(n), thus the Mobius function 
/i^ on NC;^(n) is given by 

4x(d ■ D CTx^ ■ tt), 

where p denotes the Mobius function on NC(n). Finally, as shown in [SI Sections 3, 4], 
the (£, r)-cumulants are the same as the bi-free cumulants, and we have the moment- 
cumulant formulas 

p(ai---a„)= ^ K^(ai,...,a„) 

7reNCy;(n) 

and 

K^(ai,... ,a„) = ^ p^(ai,... ,a„)px(7r, 1«) 

7reNC^(n) 

for all oi, ..., Qn € A, where K^(ai,..., a„) = Kxi<^i^ ■ • ■; o-n) and K^{ai ,..., a„) factors 
according to the blocks of n by the multiplicativity of the family (K^)n>i,x-ln]^{e,r}■ 

2.2. Free and bi-free 72.-transforms. Recall that the joint distribution of a family 
of random variables in a non-commntative probability space {A, p) is the linear 
functional p on the algebra C(W : z G /) of non-commntative polynomials in |/| variables 
satisfying p(P) = ip{h{P)) for all P G C{Xi : i € I), where h : C{Xi : z G /) —>■ M is the 
unital algebra homomorphism such that h{Xi) = at- 
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If a is a self-adjoint random variable in a C*-probability space then its distri¬ 

bution /ia belongs to AIr. The Cauchy transform (or one-variable Green’s function) of 
a is defined as 

Ga{.z) = (^((z - 

and the free 72.-transform of a is defined as 

^ ^ S^n-t-1 ( O', . . . , (2 )z , 

"^0 times 

where (Kn)ngN are the free cumulants of {A,(p). It turns out that the functions Go and 
TZa are analytic in a neighbourhood of oo and 0, respectively, and the function 

Ka{z) = Tlaiz) + - 

z 

satisfies Ga{Ka{z)) = z. One of the most important properties of the free 7^-transform 
is that it linearizes the additive free convolution in the sense that 

TZa'+a" (z) = TZa' {z) + TZa" (z) 

if a' and a” are free self-adjoint random variables in {A, (/?) or, equivalently, 

(^) = (^) + 

which holds in a neighbourhood of 0 m- 

Analogously, if (a, b) is a two-faced pair of commuting self-adjoint random variables 
in a G*-probability space (A, (p), i.e. a = a*, b = b* , and [a, b] = 0, then the distribution 
M(a,b) of (a, b) is a Borel probability measure on R.^ and the two-dimensional Cauchy 
transform (or two-variable Green’s function) of (a, b) is defined as 

G(a,b)iz,w) = (p{{z - a)~\w -b)~^), 

which is an analytic function in a neighbourhood of oo x oo. 

Note that if (a, 6) is a general two-faced pair in a G*-probability space {A,(p), then 
the bi-free cumulant of (a, &) depends on X : [n] —>■ {£,r}. Since we are interested in 
the case where a and b are commuting self-adjoint random variables, it turns out that all 
the bi-free cumulants of (a, b) are real, and depends on x only through |x~^({^})l and 
|x~^({'r})|. Moreover, the commutativity of a and b implies that every bi-free cumulant 
of (a, b) is a special free cumulant. 

Lemma 2.4. Let {a,b) be a two-faced pair in a C*-probability space {A,ip) such that 
a = a*, b — b*, and [a, &] = 0. Denote the free and bi-free cumulants of (a, b) by 

^m,n(a, b^ — ACm+n(a, . . . , U, 6, . . . , 6) 
m times n times 

and 

respectively, where x ■ [A] —>■ {£, r}, Ci = a and Cr = b for 1 < k < N. Then Km,n(a, b) = 
b) for all X ■ [to -|- n] —>■ {£, r} such that |x~^({-^})l = nr ond |x~^({^})l = n. 
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Proof. By the moment-cumulant formulas, we have 




, a, 6,..., b)^{TT, !„+„) 

7reNC(m+n) times n times 


and 


(Cj^(l), • ■ ■ , C^(m+n) )A*x 1™+") 

(m+n) 


where ^ and denote the Mobius functions on NC(m+n) and NC^(rn+n), respectively. 
For each partition tt S NC(m + n), which has a linear non-crossing diagram associated 
to it, the linear diagram of the corresponding partition tt = ■ tt € NC^{m + n) under 

the bijection cr;,^, : NC(m -I- u) —>■ NC^(to -I- n) is obtained by relabelling the numbers 
1,... , m + n in the linear diagram of tt with ii,..., im,jn, • ■ ■, ji where {ii < • • • < im} = 
X~^({f'}) and {ji < • • • < jn} = X~^({^})- Since a and b commute, we have 


+ 7 ^ ( u, ■ , u , 6,. ..., ) 

m times n times 

for every tt G NC(to -|- n). Moreover, since 

Im+n) = ^(^x * Im-t-n) = Im+n) 

for every tt G NC^(m -|- n), the assertion follows. 


□ 


Notation 2.5. Let (a, 6) be as above and m,n > 0 such that m + n > 1. We extend 
the notations used in the above lemma for the free and bi-free cumulants of (a, b) to all 
of NC(m -I- n) and NC^(m -|- n), where x : [m + n] ^ such that |x~^({^})l = ^ 

and |x~^(^)l = That is, for tt in NC(to -|- n) or NC;^(m -I- n), we put 

KT7{a,b) = ■ -j ,a , b, ■ , b ) 

m times n times 

and 

i^yb) = (Cx(l) y ■ ■ ■ y C^(m+n) ) i 

where Ci = a and = b for 1 < fc < m -I- n. Similarly, we put 

+77(a, b) = +7ri a, ■ y , a , b, ■ ^ , b ) 
m times n times 

for TT in NC(m -|- n). 


For a two-faced pair (a, b) in a C'*-probability space, let 

^ Km,n{a,b)z'^W^, 

m,n>0 

m+n>l 

be the (partial) bi-free 7?.-transform of {a,b). Then we have the following relation for 
bi-free 7?.-transforms, which was proved in |16] using analytic techniques and re-derived 
in [12] via combinatorics. 
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Theorem 2.6. The following equality of germs of holomorphic functions holds in a 
neighbourhood of (0,0) in C^; 


T^{a,b){z,w) 


1 + zTZa{z) + wTZb{w) 


zw 

G,^aMKaiz),Kbiw))' 


The bi-free 7^-transform is an analogue of the free T^-transform in the bi-free setting. 
More precisely, if (o', b') and (a", b") are bi-free two-faced pairs, then we have 


'JZ(a'+a",b'+b'')(z,w) = TZt^a',b'){z,w) +TZ(^a",b"){z,w) 
for {z, w) near (0, 0). 


2.3. Moment sequences. Let = {(m,n) : m,n G N U {0}}. Given a 2-sequence 
R = {Rm,n}(m,n)Gi,^ with Rq q > 0, One Can equip the algebra C[s,t] of polynomials in 
commuting variables s and t with a sesquilinear form [•,•]/{ satisfying 

( 2 . 2 ) = R„,,+m2,n,+n, 

for (mi,ni), ( 7712 , 712 ) G Z^. Note that if p = Jf,j=i G C[s,t], then 

i 

[PjP]r— 'y ^ CjCkRmj+m,i,,nj+nk- 
j,k=l 

Recall that the 2-sequence {Km,n}(m,n)ei,'f\{{o,o)} of ff*® fr®® cumulants of a pair of 
commuting self-adjoint random variables (a, b) in some C'*-probability space contain the 
full information about (a, &). It turns out that the study of such 2-sequences is closely 
related to the two-parameter moment problems [Zlin]. The following result is from 


Theorem 2.7. A 2-sequence R = {I?m,ra}(m,n)ez^ ^ 0,0 > 0 is o moment 2- 
sequence, i.e. there exists a finite positive Borel measure p on such that 

Rrn,n= [ s'^Gdp{s,t), (m,n) gZ^, 

if there exists a finite number L > 0 with the following properties: for all p G C[s,t], 

( 1 ) [p,p\r > 0 , 

(2) \[sp,p]r\ < L ■ [p,p]r and \[p,tp]R\ < L ■ [p,p]r hold. 

If these conditions hold, then the representing measure p of R is compactly supported on 
[—and uniquely determined. 


Remark 2.8. (1) Given a 2-sequence {Rm,n} i?o,o = 1) there exists a non- 
commutative probability space {A, gf) and commuting random variables a,h G A such 
that (p(a'"&"') = Rm,n for all (tti, ti) G Z^. 

(2) The condition (1) in Theorem 12.71 together with the condition that for every fixed 
7770 and 77o in N U {0} the 1-sequences {i?m, 2 no}m>o and {i? 2 mo,n + Ro,n}n>o are 
determined moment sequences, guarantee that i? is a determined moment sequence 
(see [3 Section 1.2]). In this case, however, the representing measure of R may not 
be compactly supported. In general, one can determine whether an Ti-sequence is a 
moment sequence by embedding the sequence into a higher dimensional space. We 
refer the reader to m for more details. 
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3. Bi-free infinitely divisible distributions 

In this section, we study the fflffl-infinite divisibility of compactly supported proba¬ 
bility measures on and provide the bi-free analogue of the Levy-Hincin formula. 


3.1. A bi-free limit theorem for bipartite systems. The non-commutative proba¬ 
bility spaces considered throughout the paper are assumed to be bipartite, i.e. all left 
variables commute with all right variables. 

Theorem 3.1. For each A S N, let {(a 7 V;fcj be a row of two-faced pairs in 

some non-commutative probability space {An,Fn)- Furthermore, assume each An is 
bipartite and the two-faced pairs {aN-i, , iaN;N, &iv; 7 v) are bi-free and identically 

distributed. Then the following two statements are equivalent. 

(1) There is a two-faced pair (a, b) in some non-commutative probability space {A, ip) 
such that [a, &] = 0 and 

( N N \ 

aN;k. I (a, b). 

k^i k^i ) 

(2) For all m,n > 0 with m -\-n > 1, the limits lim N ■ {pn(<An. kbN-k) exist and are 

N^oo ’ 

independent of k. 

Furthermore, if these assertions hold, then the bi-free cumulants of (a, b) are given by 

Kj^+„(a,6) = lim N ■ pN{a^.kbN-k), 

where x'■ [to-I- n] —>■ {^,r'\ satisfies |x~^({^})l = rn and |x~^({'r})| = n. 


Remark 3.2. (1) We follow the usual notion of convergence in distribution in the free 
probability context. That is, assertion (1) in the theorem above holds if and only if 


lim (fN 
N—¥00 



= p{a^b'^) 


for all {m,n) S and all mixed moments p{a'^b'^) exist. 

(2) By Lemma [2^ the bi-free cumulants b) are the same as the free cumulants 

K.m,n{a, b) for all to, n > 0 such that m -I- u > 1. 


To prove Theorem 13.11 we need the following lemma which relates convergence of 
moments to convergence of cumulants. 


Lemma 3.3. For each N G N, let {An, Tn) be a non-commutative probability space and 
let be the corresponding free cumulants. Let {on, bN) be a two-faced pair in {An, Pn) 
such that [aiVi&iv] = 0, then the following two statements are equivalent. 

(1) For all TO, n > 0 with m -\- n> 1, the limits lim N ■ ipN{odNbfx) exist. 

AT—>00 

(2) For all to, n > 0 with m-\- n> 1, the limits lim N ■ ni^-N, bN) exist. 

AT—>00 

Furthermore, if these conditions hold, then the limits in (1) and (2) are the same. 
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Proof. By the moment-cumulant formulas, we have 


lim N-ipM{a^h^)= lim N- W K^{aN,bN) 

_/V—^■OO 


N —¥oo 


7reNC(m+n) 


and 


AT. 


lim N ■ K^^{aN,bN) = lim TV • W (<pAr),r(aAr, 6jv)M(7r ; Im+n) ■ 

/—’ N ^OO ^^ 

7r€:NC(m+n) 


If the first statement (resp. second statement) is true, then the only non-vanishing term 
on the right-hand side of the second equation (resp. first equation) above corresponds 
to TT = Im+n, and the assertion follows. □ 

Proof of Theorem l3.ll Suppose first that assertion (1) holds. Since we will not be using 
the bi-free cumulants of {A^ (p) until the end of the proof, we let denote the bi-free 
cumulants of {An, Pn) for now. For m, n > 0 such that m -I- n > 1, we have 


( / N \"^/N 

fy]ajV;fej j 


N 


“ ^ 7’w(nW;r(l) • • • ajV;r(m)&Ar;s(l) • • • &Ar;s(rt)) 


s(l),...,s(n) —1 
N 


= lim 

iV-^oc 


E 




r(l),...,r(m) TGNC 5 (;(m+n) 
s(l),...,s(n) —1 

= J™ E ■ K^{aN-,k,bN-k), 


rGNC;,^- (m+n) 

where the last expression, which is independent of k, follows from the fact that mixed 
bi-free cumulants vanish. It remains to show that the limits 

lim ■ Kf:{aN-k,bN-k) 

N —yoo 

exist for all r G NC^(TO-l-n), then the special case r = Im+n would give us the existence 
of 

lim N ■ kV „(aAr;fc, bN-k), 

Af—>00 

which is equal to limvr_>oo n{'^N-,k,bN-,k) by Lemma 12.41 and the existence of 

lim^v^ooTV • would follow from Lemma Td.31 We proceed by induction on 

m and n. If m = 1 and n = 0, then 

lim N ■ {uN-k) = lim N ■ ipN{aN-k) = hm </JAr(awi H- + cln-n) = p{a) 

N^oo AT—>-cxD V—>-oo 

exists. The case m = 0 and n = 1 is similar. If m = n = 1, then we have 


ip{ab) = lim {N'^ ■ Ki {aN;k)Ki ibN;k) + N ■ -f^{aN-,k,bN;k)) ■ 

N—^oo ’ 
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Since (p{ab), limjv->.oo• i^^{0'N-,k), and limjv^oo-^ • {bN-,k) all exist, we obtain the 

existence of liniAr->.oo N ■ K^i{aN-,k,bN-,k)- For the inductive step, assume the assertion is 
true for all m < r and n < s such that r + s>l. Ifm = r+1 and n = s, then we have 




&") = lim 

N—yoo 


■ K^{aN-k,bN-,k) 


T^NCxir+s+l) 

= lim (N-K^_^j^^{aN-k,bN.k) + L), 
N—^co ’ 


where 


L = 


• K^(aAr;fc, 67V;fc)- 

TGNC,^(r+s+l) 

■^y^lr+s + l 


By the induction hypothesis, the limits 


lim ■ K'^{aN-k,bN-k) 

N ^oo 


exist for all r e NC^(r + s + l) with r ^ lr-+s+i, thus liniAr^oo^ exists. Since 

also exists by assumption, we obtain the existence of limAr_>oo N ■ s{aN-k, bM-,k) as 

required. The case m = r and n = s + 1 is similar. 

Conversely, suppose that assertion (2) holds. For m,n > 0 such that m + n > 1, we 
have 

( / N \™/Ar 

(y^aAr;fe) (y]^Af;fc| ) = X! ■ K^{aN-,k,bN-k)- 

V/c—1 / \k—l / / reNCy(m+n) 


N—¥oo 

By Lemmas 12.41 and 13.31 we have 

lim ■ K^{aN-k,bN-k) = bm ■ {ipN)r{aN-k,bN-k) 

N—^oo N—^oo 

for all T £ NC^(m + n), thus they all exist by assumption. Construct a commuting 
two-faced pair (o, b) in a non-commutative probability space (^, (p) such that 

/ / N X'^/AT 

y^ aN-,k 


p^a^b"^) = lim 
N —yoo 


y^ bN-k 


\k=l 


\k=l 


Such an object always exits. For example, we can realize a and b as s and t in C[s,t], 
respectively, and define to be the corresponding limits. Finally, let denote the 

bi-free cumulants of {A, p), and change the notations for the free and bi-free cumulants 
of {An,Pn) to and c^, respectively. Then we have 

p{a^bn= 

(m+n) 

= lim y^ fVl^l • c^(aAr;fc,6iV;fc) 

N—¥(x> ‘ ^ 

tGNCx (m+n) 

= y] lim fVl^l • c^(aAr;fc,6iV;fc). 

N—^oo 

rGNCpj- (m+n) 

By induction on the number of arguments in the bi-free cumulants, we have 

K^{a,b) = lim ■ c^{aN-k,bN;k) 

N^oo 
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for all r G NC^(m + n). In particular, when r = lm+n 7 we have 
K^+„(a,6) = lim N ■ cl^^„{aN;k,bN-k) 

N—^oo 

= lim N ■ c^^{aN-k,bN-k) 

N^co 

= lim N ■ (fNia^-kbN-k) 

N—¥00 ’ ’ 

by Lemmas 12.41 and 13.31 again. This completes the proof. □ 

3.2. Operators on full Fock spaces. Recall that the full Fock space over a Hilbert 
space H is defined as 

T{n) = ^© 0 -^®”, 

n>l 

where H is a distinguished vector of norm one, called the vacuum vector. This gives us 
a C*-probability space where called the vacuum expectation state, 

is defined by tu{T) = {Tn,V,) for T S B{T{H)). For our purposes, we are mainly 
interested in the creation, annihilation, and gauge operators on defined as follows. 

Definition 3.4. Let f G TL and T G B{'H). 

(1) The left creation operator given by the vector /, denoted £{f) G B{T{H)), is deter¬ 
mined by the formulas £{/){£}) = f and 

^(/)(Cl ® ® Cn) = / ® ® ® 

for all n > 1 and all G H. The adjoint £{f)* of £{f) is called the left 

annihilation operator given by the vector /. 

(2) The right creation operator given by the vector /, denoted r(/) G B(£F{T-L)), is 
determined by the formulas r(/)(H) = / and 

® ® in) = ® in® f 

for all n > 1 and all ^i,... ,^„ G H. The adjoint r(/)* of r(/) is called the right 
annihilation operator given by the vector /. 

(3) The left gauge operator associated to T, denoted Af(T) G B{£F{'H)), is determined 
by the formulas Ai{T)(ftl) = 0 and 

Ag{T){ii © • • • © in) = (Til) © ^2 © • • • © Cn 
for all n > 1 and all ^i,..., ^„ G "H. 

(4) The right gauge operator associated to T, denoted Ar{T) G B{iF{'H)), is determined 
by the formulas Ar(T)(H) = 0 and 

MT)iil ®---®in) =il®---® in-l ® (Tin) 
for all n > 1 and all ^i,..., ^„ G "H. 

Remark 3.5. Let H = 0^^/ Hi, where each Hi is a Hilbert space. For i G I, let Bi and 
Ci be the C'*-algebras generated by 

{£if) :fGH^}U {AeiT) : TH, C H, and T\nQn, = 0} 


12 


and 

{r(/) : / G 7^0 U {AriT) : Tn, C and T\neH, = 0}, 
respectively. Then {{Bi,Ci)}i^i is a bi-free family in {B{T{H)),T'^) (see [151 Section 6 ]). 

Proposition 3.6. Let H he a Hilbert space. For any f,gG'H,Ti= Ti,T 2 = T 2 G 
and Ai,A 2 G K, the self-adjoint operators 

a = iif) + iif)* + Ai{Ti)Xi ■ I and b = r{g)r{g)*Ar{T 2 )X 2 ■ I 

commute if and only if'A{f,g) = 0, Tig = T 2 /, and [Ti,T 2 ] = 0. Moreover, if a and 
b commute, then the distribution P(^a,b) of {a,b) is 'SSti-infinitely divisible, i.e. for every 
n G N, /i(a,&) can be written as an n-fold additive bi-free convolution of some planar 
probability measure. 

Proof. Without loss of generality, we may assume Ai = A 2 = 0. First, we consider the 
commutativity between a and b. Since £{f)r{g)Ll = r{g)i{f)Ll and f'(/)r(g)(^i 0 • • • 0 
Cn) = c{g)i{f){f^i ® ■ ■■ ® ^n) for all ^ 1 ,..., GH. with n > 1 , it follows that 

(3.3) ^{f)r{g) = r{g)e{f) and e{f)*r{g)* = r{g)*e{f)*. 

Note that we also have £{f)r{g)*Ll = 0, r{g)*£{f)Xl = {f,g)Ll, and £if)r{g)* = r{g)*i{f) 
on TiH.) 0 Cn. On the other hand, we have r{g)t{f)*Lt — 0, £{f)*r{g)Ll = {g, f)Ll, and 
^{f)*c{g) = r{g)i{f)* on J-{H) 0 Cfl, which imply that the operator 

^ = e{f)r{9r + eifTrig) - r{grm - r{g)£{fr 

vanishes on J^('H) 0 CLl and satisfies 

(3.4) An = -i2{^{f,g))n. 

Similarly, the conditions £{f)Ar{T 2 )Ll = 0, Ar(T 2 )i{f)Ll = T 2 /, and £{f)Ar(T 2 ) = 
Ar{T 2 )£{f) onF{'H)QC£l combining with the conditions r( 5 )Af(Ti)i7 = 0 , A£{Ti)r{g)£l = 
Tig, and r{g)Ai{Ti) = A({Ti)r{g) on F{'H) 0 CAl imply that the operator 

B = £{f)Ar{T 2 ) + A£{Ti)r{g) - Ar{T 2 )£{f) - r(g)A,(Ti) 

vanishes on FijH) 0 CLl and satisfies 

(3.5) BLl = Tig - T 2 /. 

One can also see from the identities i{f)*Ar{T2)£, = (T2C1 /)i ^r{T2)£{f)*^ = 0 for ^ G 'H, 
and £{f)*A j.{T 2 ) = Ar(T 2 )£{f)* on J'('H) 0 H, and the identities A£(Ti)r{g)*^ = 0 , 
r{g)*Ai{Ti)£^ = (Ti^,g), and Ai{Ti)r{g)* = r{g)*A£{Ti) on F{T-L) QH. that the operator 

C = £(/)*A,(T2) + A£{Ti)r{gr - A,(T2)£(/)* - r{gYA^iTi) 
vanishes on F{'H) 0 H. and satisfies 

(3.6) C^ = {Y{T2f-Tig)), ^gH. 

Finally, the conditions that A^(ri)Ar(T 2 )^ = T 1 T 2 Y Ar(r 2 )A^(Ti)^ = T 2 Ti^ for ^ GH, 
and Af(Ti)Ar(T 2 ) = Ar(T 2 )Af(Ti) on F{H) 0 H imply that the operator 

D = A£{Ti)Ar{T2) - Ar{T2)A£{Ti) 
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vanishes on T{H) 0% and satisfies 

(3.7) D£, = (Tir2 - T2T^)£„ ^ € H. 

The desired result now follows from the fact that ab — ba = A + B + C + D and the 
established identities (I53])-(IX71). 

For the second assertion, fix n £ N and let 




'■®n. 


Furthermore, let 

a = i 

and 

b = r 


/< 


/ 


\/n 

5©---©5 


y/n 



n times 

7© 

•••©/\ 


7^ J 

< 7 ® 

•••©5^’ 


\/n 


+ Ag(Ti 

+ Ar(T '2 C 


■©Ti) 

©T 2 ). 


Then [d, 6] = 0 and the distribution of (a, b) in {B{T{'H)),T'u) is same as the distribution 
of (d, d) in Note that d and b can be written as 


+ 


and 


b = 


+ 


/© 0©---©0 

y/n 

/ 0 ©---© 0 ©/ 

V 7^ 

5 © 0 ©---© 0 \ 

7^ J 

0 © ••• © 0©5 

^/n 


+ i 


/© 0©---©0 

y/n 

/O© ••• ©0© / 

V 7^ 

5 © 0 ©---© 0 \ 

7^ J 

0 © ••• © 0©5 
yfn 


+ A£(Ti©0©---©0) 

* 

+ Af(o©---©o©ri) 

+ A^(r 2 ©o©---©o) + 

=t: 

+ Ar( 0 ©---© 0 ©T 2 ) 


Denote the n summands of d (respectively, of b) in the above summations by di,..., d„ 
(respectively, bi,... ,bn). Then {{ak,bk)}i<k<n are bi-free and identically distributed 
by Remark 13.51 Moreover, for every 1 < k < n, and b^ are commuting self-adjoint 
random variables, thus the distribution of (d/c, bk) is a Borel probability measure on R^. 
This shows that the distribution of (a, b) is the n-fold additive bi-free convolution of the 
distribution of (d*,, bk)- Since n £ N was arbitrary, the second assertion follows. □ 


Proposition 3.7. Following the same notations as in Proposition [321 [«) b] = 0, then 

the bi-free cumulants of (a, b) are given as follows: 

Kifi{a,b) = Xi, Ko,i(a, 6) = A 2 , 

nm,o{a,b) = At„(t(/)*,A,(Ti),...,A,(ri),£(/)) = rn>2, 

m—2 times 

Ko,n{a,b) = Kn{r{g)*, Kr{T 2 ),..., kr{T 2 ),r{g)) = {T 2 ~'^g,g), n > 2, 

n—2 times 

and 

^^mAa.b) = (A,(Ti)™-i£(/)D,A,(T2)”-V(g)0) = 
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for m,n> 1. 


Proof. The equalities concerning Ki(a), ki(&), Kmifl), and Kn{b) are known results in 
(one-variable) free probability theory (see [TUI Proposition 13.5]). For the equality con¬ 
cerning Km.nia^b), we use the same setup (with Hn replacing Hn to avoid confusion 
with the subscript n in Km.ni.cL, b)) as in the proof of Proposition 13.61 Observe that the 
random variables 

Kf), KfT, r{g), r{g)\ A,(Ti), 


in T'n) have the same joint distribution as the random variables 


£ 



f f®---®f \* ( g®---®g \ ( g®---®g \* 

\ Vn ) Vn Vn ) 


A^(Ti © • • • © Ti), Kr{T2 © • • • © r2) 


in {B{T{'Hn)),thn)- Moreover, the latter random variables are the sums of N random 
variables, where the summands have the same joint distribution as the random variables 




in (B (B (H)), T-f^). Expanding Km,n{. 0 ',b) using the multilinearity of the cumulants, we 
see that each summand is of the form Km+n{ci ,..., Cm, di, ■ • ■, dn), where 


©e W/),^(/)*,A,(ri)} and d, G{r( 5 ),r( 5 )%A,(T 2 )}. 
By Theorem 13.11 we have 


^m+n(ci) • ■ • ) Cm? di,..., d^i) — lim N • {c\ • * • C^ndi • * * dji£^^ 11) 

N—^oo 

where 

- , / ^if)_ ^(/)* X (T\\ n H dal A (T \ 

in correspondence to Ci and dj. Since m,n > 1, and by the definitions of how cre¬ 
ation, annihilation, and gauge operators act on full Fock spaces, the only non-vanishing 
summand of Km,n(a, b) is 


n—1 times 


Km+nmr,MTi), ..., A,(Ti), Arm, ■■■, A.(T 2 ), r(g)), 

m—1 times 

which is equal to 

Jim^iV- ^^£(/)*A,(Ti)™-iA,(r2)"-i^r(5)ll,l!) = {Tmf,Tm9) 


by the hypothesis that a and b commute. 


□ 
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3.3. Bi-free Levy-Hincin representations. The next lemma establishes the relations 
between the bi-free 72.-transforms of a two-faced pair of commuting self-adjoint random 
variables in some C*-probability space and the corresponding free 7^-transforms. 

Lemma 3.8. For a two-faced pair (a, b) of commuting self-adjoint random variables in 
a C*-probability space {A, ip), we have 

T^{a,b){z,Q) = zTZaiz) and Tl(^a,b)iO,w) = wTZb{w) 
for z and w in a small neighbourhood ofO. 

Proof. By the representation of TZ(^a,b){z,w) given in Theorem 12.61 it suffices to show 
that 

,. _ ^ . 

G(a,b){Kaiz),Kb{w)) 

for small z ^ 0. For (z, w) in a deleted neighbourhood of (0, 0), we have 
G(a,b)iz~^,w~'^) = wp({z~^ - a)~^(l - wb)~^), 

thus 

zw z(wTZb{w) -I- 1) 

G(a,b){Ka{z),Kb{w)) p{{Ka{z) - a)-i(l - b/Kb{w))-^)' 

Since hmu,_>o 1/Kb(w) = 0 and limiu_>.o rc7^f,(w) = 0, it follows that 

zw z z ^ 

W^O G(a,b)iKa{z),Kb{w)) p{{Ka{z) - o)-'^) Ga{Ka{z)) 

as desired. The second equality can be shown in a similar way. □ 

Recall from [31 Theorem 8.6] that a compactly supported probability measure z/ on K 
is ffl-infinitely divisible if and only if its 7^-transform is of the form 

(3.8) Tl.yiz) = k’( -\- [ ^— dpy{s), 

7k 1 - zs 

where pu, called the free Levy measure of v, is a finite positive Borel measure on K.. The 
integral representation (13.811 is usually referred to as the free Levy-Hincin representation 
for v. 

Denote by Co[s,t] the algebra of polynomials in C[s,t] with vanishing constant term, 
i.e. p(0,0) = 0 if p S Co[s,t]. As indicated in (12.2L given a real 2-sequence R = 
{.Rm,n}(m,n)GZ^\{(o,o)}j Can equip Co[s,<:] with a sesquilinear form [-j-]/? defined by 

(3.9) = R^,+m„n,+n, 
for (mi,ni), ( 7712 , 712 ) ^ (0,0). 

Definition 3.9. A real 2-sequence R = {Rm,n}(m,n)£Z'^\{{o,o)} i® to be conditionally 
positive semi-definite if 

[P:P]r > 0 

for all p G Co[s, t], where [•, -Ik; is the sesquilinear form defined above. The 2-sequence R 
is said to be conditionally bounded if there exists a finite number L > 0 such that 

\Kty,p]R\<L^+--[p,p]R 
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for all p G Co[s, t] and m,n> 0. 

Note that conditional positive semi-definiteness and conditional boundedness of R do 
not depend on the values of Rip and i?o,i as they do not appear in any summand of 
[p,p]r and for any p G Co[s,t]. Moreover, note that conditional positive 

semi-definiteness of R together with the assumption _R 2 ,o = 0 (resp. i?o ,2 = 0) yields 
that Rm,n = 0ifTO-|-n>2 and m > 1 (resp. Rm,n = 0ifm-|-n>2 and n > 1) by 
Cauchy-Schwarz inequality. 

We are now ready to characterize fflffl-infinitely divisible distributions and provide 
their bi-free Levy-Hincin representations. 

Theorem 3.10. Let p be a compactly supported planar probability measure and let k = 
{^m,n}(m.n)ez^\{(o.o)} ^^6 bi-free cumulants of p such that 1 ^ 20 ^ 1^02 > 0- Then the 

following statements are equivalent. 

(1) The measure p is WW-infinitely divisible. 

(2) The 2-sequence k is conditionally positive semi-definite and conditionally bounded in 
the sense defined in Definition 13.91 

(3) There exist finite positive Borel measures pi and p 2 with eompaet supports on 
and a finite Borel measure p on satisfying the relations 

(3.10) |p({(0,0)})p < pi({(0,0)})p2({(0,0)}), 

(3.11) tdpi{s,t) = sdp(s,t), and sdp 2 {s,t) = tdp{s,t) 
sueh that 

r zvj 

(3.12) 'Rf,{z,w) = zUiiz)+ w'R 2 {w) + i - -—- - dp{s,t) 

7 r 2 (1 - zs){l - wt) 

holds for {z,w) in a neighbourhood of (0,0), where 

Tli{z) = Q + / —^— dpi(s,t) and 72.2(w) = 1 + / , ^ , dp 2 (s,t). 

7r2 1 - ZS ’ I - wt 

If assertions (l)-(3) hold, thenlZfi extends analytically to (C\R)^ via the formula (13.121) . 
and the funetions 72i and 72.2 in assertion (3) are the free TZ-transforms of W-infinitely 
divisible distributions. 

Proof. Suppose first that assertion (1) holds, i.e. for every TV G N, there are commuting 
self-adjoint random variables ojv and b^ in some C*-probability space (An,Tn) with 
distribution pR[ such that pN ffl ffl • • • ffl = P- Then, by Theorem 13.11 the bi-free 

'-V-' 

N times 

cumulants of p are given by 

Km.™ = lim N-ipNia^b^), 

’ N-i-co 


(m,n) G Z^\{(0,0)}. 
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Observe that for any polynomial p = p{s, t) = G Co[s, t], we have 

t 

[PtP\k = ^ 

i, fc=i 

= V c,c, hm 

7V-S-00 " 

j. fe=l 

/ ^ 

= hm V 

N^oo \ 

V,fe=i 

= lim N ■ pNip{aN,bN)p{aN,bN)*) >0, 

N—^oo 

which yields the conditional positive semi-definiteness of k. On the other hand, viewing 
p as the distribution of a two-faced pair (a, b) of commuting self-adjoint random variables 
in some C'*-probability space and using Lemma |3.81 we have for N G N and for z in a 
small deleted neighbourhood of 0, 


(3.13) zTZa{z) = 7^(a,b)(z,0) = iV- 7^(Q^,^,^)(z,0) = iV • z7^a^(z) = zTZ^mN{z), 
where = paj^ ffl • • • ffl . This shows that the distribution of a is ffl-infinitely 

N times 

divisible and p^^ = Pa- We thus conclude from [U Lemma 8.5] the existence of a finite 
number L > 0 such that supp(/ia«^) C [—L, L] for all N. Similarly, the distribution of b is 
ffl-infinitely divisible, p^J^ = pb, and supp{pbff ) C [—L,L] for all if L is chosen large 
enough. This implies that the supports of the distributions {p{aN ,bN))Neti are uniformly 
bounded. Indeed, for all c > L and m,n G N, we have 

: |S| > C}) < / 

Js.^ 

= ^^(a?r)= [ s^^dpa,is)<L^^, 

Js. 

and similarly ^(ajv,{,jv)({(s,t) : |t| > c}) < This allows us to conclude that 

supp(/r(a;v,b^)) C [-L,L]'^ by observing that {{s,t) : |s| or |t| > c} is a /r(a;v,h;v)-measure 
zero set by letting m,n ^ oo. Therefore, for p G Co[s, t] as before, we have 


[s^ty.pu = 


E 


.7^. 


CjCl^K^j_^rnf^-\-m,nj-\-nk-\-n 


lim N ■ ipM{a'^b'^p{aN, hN)p{aN, bN)*) 

W—J-oo 


< \im N - [ \sr\tnp{s,t)f dpN{s,t) 

N^OO Jjj2 

lim N- f |p(s,t)p d^Ar(s,t) = • [p,p]„ 


as desired. Hence, assertion (2) holds. 
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Next, we show the implication (2) (1). Observe that the conditional positive 

semi-definiteness of the bi-free cumulants k of fi shows that the sesquilinear form [•,•]« 
on Co[s,t] induced by k is non-negative. Moreover, the conditional boundedness of k 
indicates that X = {po G Co[s,t] : [po,Po]k = 0} is an ideal of Co[s,t] as 

0 < [s™t>o,s”^rpo]« < • [PO:PoU = 0 

for all Po G X. Let Ho be the quotient vector space Co[s, t]/X. If h = p + X and k = q + X 
are in Ho^ then 


(3.14) 


{h,k)o := [p,q]^ 


can be verified to be a well-defined inner product on Ho because X is an ideal. Let H 
be the Hilbert space obtained by completing Ho with respect to the norm || • || defined 
by the inner product (13.1411 . Consider now the linear transformations Ti,T 2 : Ho —>■ H 
defined by 

Tih = sp{s, t) +X and T 2/1 = tp{s, t) +X 
forh=p + XG Ho- Note that both Ti and T 2 are well-defined since X is an ideal. 
Moreover, the inequality 

\\T,hf = {Tih,Tih)o = [sp,spU < ■ \\hf 


shows that Ti can be extended to a bounded linear operator on H. On the other hand, 
if h = p + X and k = q+X, where p = , q — G C'o[s, t], then 

we have 


i 

{Tlh,k)o = {h,Tik)o = Y, 

i 

= Y, = (Tih,/c)o, 

from which we see that Ti is self-adjoint. Similarly, one can show that T 2 extends to 
a self-adjoint operator in B{H). To finish the proof of (2) => (1), let us consider the 
operators 


a = i{f) + i{f )* + Ai{Ti) + ■ 1 and b = r{g) + r{g)* + Ar{T 2 ) + ■ 1, 

where f = s + X and g = t+X, in the C*-probability space {B {fF {H)), t-h) ■ Clearly, 
fs{f,g) = = 0, Tig = st+X = T 2 /, and T 1 T 2 = T 2 T 1 as 

T 2 T 1/1 = tsp{s, t) + X = T 1 T 2/1 


for h = p+X in the dense subspace Ho of H. Hence, by ProDOsition l3.61 we see that (a, b) 
is a two-faced pair of commuting self-adjoint random variables in {B(fF(H)), t-u) whose 
distribution P(a,b) is fflffl-infinitely divisible. We claim that P(a,b) = M by checking that all 
the bi-free cumulants Km,nia, b) of (a, b) agree with the corresponding bi-free cumulants 
K of p. The claim follows directly from Proposition 13.71 Indeed, for all m, n > 1, we 
have 


+ (a,b) 

^m,n — 


.(a,6) = (rr-V,T2”-'ff)c 


5 ^ J/- 


= K 


m,n ■ 
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If m > 2 and n = 0, then we have 

■(a,, 

1,0 


nZt = ^mia) = (r™-V,/)o = = < 


m,0’ 


and similarly we have Kq n ~ '^o n all n > 2. Clearly, we also have 


^M(a,6) 


^0,n 

— 


and = Ki{b) = Kq^. 


’'10 ~ '^ l ( a ) = 1^10 '^0 1 ’ ~ 

Thus the two distributions ^J.(a,b) and ^ coincide, and hence assertion (1) holds. 

In what follows, we show that assertions (2) and (3) are equivalent. Suppose first that 
assertion (2) holds. Since the 2-sequences {6m]n}(m,n)ez‘^ and {Om]n}(rn,n)e'zl_ defined 
by 0m]n = Km +2 n and Om]n = n +2 arc positive semi-definite and bounded, and the 

numbers 0g^Q and 0g^Q are both positive, it follows from Theorem 12.71 that there exist two 
finite positive Borel measures pi and p 2 with compact supports on such that 


(3.15) 
and 

(3.16) 


l^m+2n= f dpi(s,t), TO,n>0 

Js.^ 

i^mn+ 2 = [ dp 2 {s,t), m,n>0. 

JR2 


Observe that for \z\ and \w\ small enough so that \\zTi\\ < 1 and HwTjH < 1, following 
the notations introduced in the proof of (2) => (1), we have 

^ =zwY. {{zT.rf, iwT 2 rg) 

m,n>l m,n>0 

= zw{il-zTi)-^fAl-wT2)-^g), 

where (•, •) is the inner product on 'H. Let the spectral resolutions of Ti and T 2 be 


Ti— s dEi(s) and T 2 = j t dE 2 {t). 

Jr Jr 


R 

Since Ei{s) commutes with i? 2 (t) for all s and t, it follows from the spectral theorem 
that 

zw 


(3.17) 


E - 

m,n>l 


.j 

m.n^ 


(1 — 2 :s)(l — wt) 


dp{s,t), 


where p{s,t) = {Ei{s)E 2 {t)f,g) is a finite compactly supported Borel measure on K^. 
Similarly, using (13.151) . (13.161) '). and the spectral resolutions of Ti and T 2 , one can obtain 


(3.18) 

and 

(3.19) 


dpijsA) 

1 — zs 


= E 


_ 2 


t>2 


dp2is,t) 

I — wt 


= E '^0,r, 


n>2 


d{EAs)fJ) 

1 — zs 


d{E2{t)g,g) 
1 — wt 


provided that \z\ and |r(;| are sufficiently small. Note that we can rewrite (13.181) and 
(|3.19p as 


r dpi{s,t) 

/r2 z — s 


d{Eiis)fJ) 


and 


z — s 


dp 2 {s,t) 
w — t 


d{E2{t)g,g) 
w — t 
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which hold for 2 : and w in a neighbourhood of infinity, and then in the whole C\]R by 
the uniqueness of the analytic extension. Since the Cauchy transforms determine the 
underlying measures uniquely, we obtain 

(3.20) \\E,iB)ff =p,iBxR) and \\E 2 iB)gf = p^iR x B) 

for every Borel set B of R. On the other hand, using (I3.20|) and applying Cauchy-Schwarz 
inequality to p({(0,0)}) = {Ei{{0})f,E2{{0})g), we have 

(3.21) |p({(0,0)})|2 < pi({0} X R)p2{R X {0}). 


Observe also that (13.171) shows 

(3.22) K^+i„+i= [ dp{s,t), m,n>0. 

Thus for all m, n > 0, we have 


f (s™r)< dpi{s,t) = C+ 2 ,n+l = / dp{s,t) 

JR2 JR2 


and 


f {s^e)s dp2{s,t) = C+l.n +2 = / dp{s,t), 

from which, along with the Stone-Weierstrass theorem, we obtain the relations (13.111) . 
Notice that the first relation in (13.1111 implies that 

pi({0}xIR')= lim / X{s=Q,\t\>e}{s,t) dpi{s,t) 

= lim / ^X{s=o,\t\>e}{s,t) dp{s,t) =Q, 

where R' = R\{0}. Similarly, making use of the second relation in (13.111) . one can show 
that P 2 (R' X {0}) = 0, thus the inequality (13.101) follows from ()3.21|1 . Finally, for \z\ 
small enough, we have 

H ^+2.0^’” = = / 

m>2 m>0 

and similarly for |r(;| small enough, we have 

^ dp2{s,t). 

^ ’ Jr 2 1 - ict 


1 — zs 


dpi{s,t), 


n>2 


Combining the above conclusions with the characterization of ffl-infinitely divisible dis¬ 
tributions, we conclude that assertion (3) holds. 

Conversely, suppose that assertion (3) holds. Then one can easily see that the bi- 
free cumulants of p are given by the formulas (13.151) . (I3.16L and (13.221) . Also in the 
proof of (2) => (3), we have seen that the relations in (13.111) imply that pi({0} x R') = 
/92(R^ X {0}) = 0, from which we obtain p([R' x {0}] U [{0} x R']) = 0 by (13.111) again. In 
the following, we shall argue that the bi-free cumulants of p can be expressed as limits 
of certain integrals with tJe, which is defined as 


da^is, t) 


X{|a|,|t|>e}('S:^) 

st 


dp{s,t) 


XnAs,t) 

st 


dp{s,t) 
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for any e > 0, as the representing measures and use these expressions to conclude the 
desired result. Clearly, the planar measure Ue is a finite positive measure by the relations 
in (I3.111) and the boundedness of the support of p. Since —>■ 1 a-e. on R^\(R x {0}) 

with respect to pi as e —>■ 0+, the first relation in (13.111) yields 

Pi(R 2\(R X {0})) = lim [ xnSs,t) dpi{s,t) 

Jr2 

= lim [ dp(s, t) = lim [ dae{s,t), 

^->0+ 7r2 st e^0+ 7 r2 

from which we obtain 

(3.23) ^2 0 = X {0}) + lim / da^{s,t). 

’ e^0+ 7 r2 

For any m > 3, we have 

«^m.o = / dpi(s,t) = lim / s'^~‘^xn,{s,t) dpi{s,t), 

JR2 e-i-0+ Jr2 

by using the property that {s, t) —>■ a.e. on R^ with respect to the measure 

X{s#o}Pi as e —>■ O'*' and applying the dominated convergence theorem in the second 
equality. Therefore, by the first relation in (13.111) again, we obtain 

(3.24) f (ipi(s, t) = lim / da^{s,t), m>3. 

7r 2 e-s-0+ 7 r2 

Making use of the second relation in (I3.11|) and similar arguments as shown above, one 
can show that 

(3.25) Kq 2 = P2({0} X R) + lim / dae(s,t) 

’ dR2 

and 

(3.26) 1^0 n — 1™ / daeis,t), n > 3. 

’ e-).0+ Jr2 

Next, observe that xn^ —>■ 1 a-e. on R^\{(0,0)} with respect to p as e —>■ 0+, thus an 
application of the dominated convergence theorem to the positive and negative parts 
= X{st>o}P and p~ = X{st<o}P of the signed measure p yields 

p(R 2\{(0,0)}) = lim f xnAs.t) dp{s,t). 

^->0+ Jr2 

This implies that 

(3.27) ^ = p(R^) = p({(0,0)}) + lim f stdae{s,t). 

’ ^->0+ Jr2 

Finally, for any pair (m, n) satisfying the conditions m, n > 1 and m-n > 2, the function 
s’"“it"“ixn^ _>■ a.e. on R^ with respect to the signed measure X{s.t^o}P as 

e —>■ 0+, and hence the same technique implies that 


K 


m,n 


/M2 


dp(s,t) = 


lim 

;-> 0 + 


s™r dae{s,t). 


(3.28) 
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The expressions for „ shown in (I3.23p - (l3.28p allow us to conclude that for any p = 

Pi-^y 0 = G Co[s, t] (here we consider the most general form of p, that is, 

(mi,ni) = (1,0) and ( 7712 ,^ 2 ) = (0,1)), 

e 

[PjP]k = 'y ] ^3^kl^mj+mk,nj+nk 

3,k=l 


= m(ci,C 2 )+ lim ( y c,cfc / d(T,(s,t) 

= m(ci,C 2 )+ lim / |p(s, c?cr<;(s, t), 

Jr2 


where 


w(ci,C 2 ) = |cippi(R X {0}) + 25i(ciC2)p({(0,0)}) + |c2pp2({0} x R). 

The inequality (13.101) shows that m(ci,C 2 ) > 0 for any complex numbers ci and C 2 , thus 
we establish the positivity of [p,p]k by the above calculation that 

(3.29) = m(ci,C 2 ) + lim / \p{s,t)\^ dae{s,t). 

e^0+ Jr2 

Similarly, making use of the expressions (13.2411 . (13.2611 . and (I3.28L we see that for m, n > 0 
with m + n> 1, 


^t^PyP], 


= E' 

3,k=l 


'3^kk^rnj+mk+m,nj+ni^+n 


lim f s™t"’|p(s,<)p dae{s,t) 
Jr2 


because the index {rrij + irik + m, rij +nk + n) of in the summand does not belong to 
the set {(1,0), (0,1), (1,1), (2, 0), (0, 2)}. From this, along with the result in (I3.29I1 . we 
deduce that < L^~^'^[p,p]k, where L = sup{|s|, |t| : (s,t) G supp(p)} < 00 . 

This yields assertion (2) and completes the proof. □ 


Remark 3.11. Suppose that /r is a compactly supported planar probability measure. 
If is conditionally positive semi-definite and Kg 2 = 0, then k!^ „ = 0 for any {m,n) 
with m -|- n > 2 and n > 1. In this case, p is the distribution of (a, Kq • 1), where 
a is a self-adjoint random variable in some C'*-probability space. In other words, p = 
Va X ^, the product measure of the distribution i^a of a and ^. If, in addition, 
is conditionally bounded, then the 1-sequence {Km _|_2 o}m>o is a Hausdorff moment 
sequence on a bounded interval, i.e. it is a determined moment sequence with a compactly 
supported representing measure pi on M. This shows that i/a is ffl-infinitely divisible by 
[101 Theorem 13.16], and the bi-free 7?.-transform of p is given by 

(3.30) TZ^{z,w) = z (K%+ [ — dpi{s)] + 

Conversely, any function of the form on the right-hand side of (I3.30p is the bi-free TZ- 
transform of some compactly supported planar probability measure. Applying this ob¬ 
servation to TZfj,/N for any G N yields the fflffl-infinite divisibility of p. In general, 
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one can easily see that the product of two compactly supported ffl-infinitely divisible 
measures on K is fflffl-infinitely divisible. 

Lemma 3.12. Suppose that {/iAr} 7 VGN is a sequence of compactly supported planar prob¬ 
ability measures with the property that for any (m,n) € the limit 

Mjn,n-= lim / s^f^ dpLM{s,t) 

exists and is a finite number. If there exists a finite number L > 0 such that \Mm,n\ < 
j^m+n [m,n) € then the 2-sequence M := {Mm,n}{m,n)&^ is a determined 

moment sequence and its representing measure is compactly supported. 

Proof. It is easy to verify that for every fixed numbers toq and no in N U {0}, the 1- 
sequences a := {Mm, 2 no}m>o and /3 := {M 2 mo,n + Ro,n}n>o fulfill the sufficient condition 
of being a moment sequence on K (Hamburger moment sequence). Then using the 
hypothesis that „| < we see that the representing measures of a and ft are 

both compactly supported, thus a and j3 are determined. The desired result now follows 
from part (2) of Remark 12.81 and the hypothesis that \Mm,n\ < □ 

Example 3.13. Let us see some examples of ffl ffl-infinitely divisible distributions and 
their bi-free Levy-Hincin representations. 

(1) Let a = £{f) -\- £{f)* and b = r{g) -\- r{g)* with 3(/, 5 ) = 0 be two semi-circular 
random variables in the C*-probability space {B{P{H)), t-h)■ Such a two-faced pair 
(a, 6 ) is called a bi-free Gaussian pair (see [151 Section 7]). By Propositions 13.61 and 
1X71 the only non-vanishing bi-free cumulants of (a, b) are 

<o = ll/f> = and Kl^ = {f,g), 

where p, denotes the distribution of (a, b). Hence, 

7^^(z, w) = ll/f -k (/, g)zw -k llffll W, 

and we conclude from Theorem 13.101 that /r is a fflffl-infinitely divisible distribution 
with Pi = ||/||^d(o,o), P 2 = ||g|P<5(o.o), and p = (/,g)d(o.o)- 

(2) Let A > 0 and (a, /3) £ For N gN, let 

= (1 - '^(0.0) + 

and let {{aN-,k, bN-,k)}^=i be pairs of commuting self-adjoint random variables which 
are bi-free and identically distributed with distribution piv in some (7*-probability 
space {An, Pn)- Note that for m, n > 0 with m-\- n > 1 , we have 

:= N . PN{a^,ib^N;i) = N ■ 

thus Theorem l3.1 l implies the existence of a two-faced pair of commuting random vari¬ 
ables (a, b) in some non-commutative probability space {A, tp) such that the bi-free 
cumulants Km’,n of (a, b) coincide with Km,n and the mixed moments s'^t^ 
converge to ip{a'^h'^) for m, n > 0 as iV —>• 00. Let b) = «;^(a,..., a, 6 ,..., 6 ) 


m times n times 
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for TT G NC(to + n) and L = max{l, A, |a|, |/3|}. Then using the moment-cumulant 
formula, and the inequalities |Km,ra| < and jlNC(fc) < 4^ for A: £ N, we have 

^)l ^ • HNC(m + n) < (4^2)™+-. 

7rGNC(m+n) 

By Lemma l3.12l we see that the distribution of the pair (a, h) is some compactly sup¬ 
ported planar probability measure /i and Km,n = n- Finally, a simple calculation 
shows that 


n^[z,w)= ^ A(az)™(/3w)’^ 


m,n>0 

m+n>l 


= Az ( Q; -b 


9 

a z 


-l- Aw f /3 -l- 




\aj5zw 


1 — az) \ ' 1 — j3w J (1 — az)(l —/3w) ’ 

from which we conclude the fflffl-infinite divisibility of /i by Theorem l3. 101 with pi = 
■\s^S(a p), p 2 = At^i5(Q,,/3)) and p = Xstd(^a p). Observe that the function 


n{z) = x(a + r^) 

\ 1 — az J 


is the free 7^-transform of the free Poisson distribution with rate A and jump size a 
(see [ini Proposition 12.11]). We call p the bi-free Poisson distribution with rate A 
and jump size 

(3) For any A > 0 and compactly supported planar probability measure v, consider the 
distribution 

For any {m,n) £ Z^, observe that 

Km,n ■= N f s'^t'^ dpN{s,t) = X ( s'^t^ du[s, t). 

Using similar arguments shown in (2) of this example and the fact that jAtm.nl < 
(4L^)"*+”, where L = max{l, A, jsj, jtj : (s, t) £ supp(z^)}, one can show the existence 
of a compactly supported planar probability measure p such that ^ = Km,n- A 
simple calculation then show that 

TZf,{z, w)=Y^ 

m,n> 1 


u n 


m>l 


n>l 


ZW 


(1 — zs){l — wt) 
Xs 


dp{s,t) 


= zTZi{z) + wTZ 2 {w) + / 

holds in a neighbourhood of (0,0), where 

7^i(z) = k)';,- b [ - —— Xs^dv{s,t) = [ — — — dv^^\s), 

1 — ZS Jr 1 — ZS 

'R-2iw) = + f ^ xfdiz{s,t)= [ dv^‘^\t), 

J'M? 1 ~ Jr ^ ~ 

and dp(s,t) = Xstdi'{s,t) (here, the probability measures and are the mar¬ 
ginal laws of V, that is, v^^\B) = u{B x R) and = z/(R x B) for any Borel 
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set B of K). This yields the fflffl-infinite divisibility of // by Theorem 13.101 Note 
that the function 7?.^, j = 1, 2, is the free 72.-transform of the compound free Poisson 
distribution with rate A and jump distribution (see [TOl Proposition 12.15]). We 
call /r the compound bi-free Poisson distribution with rate A and jump distribution 
i/. Finally, we mention another relation between i/ and the limiting distribution p,: 
TZ^{z,w) = A[G^(l/z, 1/w) — 1] for {z,w) G (C\]R)^. To obtain this relation, simply 
observe that 



which holds in a neighbourhood of (0, 0), and then extends analytically to (C\IR.)^. 
4. Bi-free Levy processes 

In classical probability theory, there is an important class of stochastic processes, 
called Levy processes, where each process has independent and stationary increments. 
The non-commutative analogues of these processes are called free Levy processes, first 
studied by Biane. We refer the reader to [5] for details. In this section, we shall discuss 
the relation between fflffl-infinitely divisible distributions and stationary processes with 
bi-free increments. 

Definition 4.1. A bi-free Levy process {Zt)t>o is a family of pairs of commuting self- 
adjoint random variables in some G*-probability space, that is, Zt = {Xt,Yt) where 
Xt = Xf, Yt = Yj*, and [Xt,Yt] = 0, with the following properties: 

(1) Yo = (0,0); 

(2) for any set of times 0 < to < ti < ■ ■ ■ < tn, the increments 

Zto, Zt^ — Ztg, Ztg — Zt^, . . . , Zt^ — Zt^_^ 

are bi-freely independent, where Zt — Z^ := {Xt — Xs,Yt — Yg)-, 

(3) for all s and t in [0,oo), the distribution of ^s+t — Zg depends only on t; 

(4) the distribution of Zt tends to <5(o,o) weakly as t —)> 0+. 

We have the following relation between fflffl-infinitely divisible distributions and bi-free 
Levy processes. 

Theorem 4.2. (1) Let {Zt)t>o be a bi-free Levy process and let pt be the distribution 
of Zt, t>0. Then pi is WW-infinitely divisible and for any T > 0, the distributions 
{pt)o<t<T have uniformly bounded supports. Moreover, the family {pt)t>o satisfies 
the additive bi-free semigroup property 

(4.31) psWWpt = Ps+t, s,t>0, 
and for any t>0, the identity 

(4.32) Tlf^t (z, w) = tUfj,^ {z, w) 
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holds in a neighbourhood of {0,0). 

(2) For any fflffl-m/iniieZj/ divisible compactly supported planar measure p,, there exists a 
bi-free Levy process {Zt)t>o such that the distribution of Zi is equal to /i. 

Proof. First, we prove assertion (2). Using the Hilbert space H, the vectors f,g in H, 
and the operators 

a-= i{f) + KfT + ^eiTi) + and b = r{g) + r{g)* + Ar{T 2 ) + 

in B{'H) constructed in the proof of Theorem 13.101 the bi-free cumulants of the pair 
of random variables (a, b) coincide with the corresponding bi-free cumulants of fi. Let 
fC = L^{R+,dx) 0 LL, where IR+ = [0, oo). For any Borel set I in R+, denote by xi the 
characteristic function of I and Mj the multiplication operator by xi in -B(L^(IR+, dx)). 
Furthermore, let 

fi = Xi®f, gi = Xi®9, Ai = Mi®Ti, and Bi = Mi®T 2 . 
Consider now the family (0t)t>o = Ft))t>o, where 

= ^(/[0,t]) + t 

and 

ht = ?'(ff[o,t]) + ^(5(0,t])* + -I -1 ■ Kq i 

are commuting self-adjoint random variables in the C*-probability space {B{F{1C)),T]c) 
(the property [Xt,Yt\ = 0 follows from Proposition 13.61) . Clearly, conditions (1) and 
(2) in Definition 14.11 hold for the family {Zt)t>o constructed above by the fact that 
{L'^{{tj,tj+i],dx) 0’H}o<j<n-i are pairwise orthogonal Hilbert spaces and Remark 13.51 
Moreover, Proposition 13.71 shows that the bi-free cumulants of Zg+t — Zg are given by 

K.m,n = {{Mi^g^g+t] 0 Ti)"^~^{x(g,.g+t] 0 /), {Mi^g^g+t] 0 72)”"^(X(s.s+t] O ff)) 

= (x(«..+t] 0 V, Xis,s+t] ® T^-^g) 

for TO, n > 1, where denotes the bi-free cumulants of Zi, and 

Km,0 = {{M^g^g+t] 0 ri)™"2(x(s,s+t] 0 f),Xis,s+t] ® /) 

= (X(s,s+t] C) T™ ^/, X(s.s-i-t] C) /) = tn^Q 

for TO > 2 . Similarly, we have for n > 2. By Proposition 13.71 again, we 

obtain ki,o = and ko,i = Since the bi-free cumulants of ^s+t — Zg depends 

only on t, so does the distribution of ^s+t — Zg. Note that the above calculations also 
show that the bi-free cumulants of Zi coincide with the corresponding bi-free cumulants 
of p and the identity ( 14 . 321 ) holds for the family {pt)t>o- To finish the proof, it remains to 
show that pt ^( 0 , 0 ) weakly as f —>■ 0+. Observing that supQ<;f<i{||X(||, HYtH} < oo, it is 
equivalent to showing that the mixed moments of pt converge to 0 as t —>■ 0+ because the 
supports of Pt, 0 < t < 1, are uniformly bounded. Using the fact that = tK^„^ —>• 0 
as t —>■ 0+ for any to, n > 0 with m-l-n > 1 and the existence of universal polynomials on 
the relations of bi-free cumulants and mixed moments of planar probability distributions 
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(see [ini Section 5]), the claim holds. Hence, the family {Zt)t>o constructed above is a 
bi-free Levy process with distributions (/it)t>o- 

Next, we prove assertion (1). Let {Zt)t>o be a bi-free Levy process with distributions 
{p-t)t>o- Then Zs - Zq and Z^+t - Zs are bi-free, and {Zg - Zq) + [Zg+t - Zg) = Zg+f 
This shows that fig ffl = /is+j for s,t > 0. By the semigroup property, fii is fflffl- 
infinitely divisible, thus by assertion (2) there exists an additive bi-free semigroup (vt)t>Q 
of planar probability distributions such that z/i = /xi, i/* —>■ (5(o,o) weakly as t —>■ 0+, and 
= tTZ^-^. By the semigroup property, we have 

ffl ffl ■ ■ ■ ffl = Vl/q ffl ffl ■ ■ ■ ffl 

'-V-' '-V-' 

q times q times 

for all g G N, thus qKm^n = q^min for all m,n> 0 with m-|-n > 1 by the additivity of bi- 
free cumulants and the fact that mixed bi-free cumulants vanish. This shows fj,i/q = Vxjq 
for all g G N, and thus 

^p/q ^ 1/9 ffl ffl ' ' ' ffl ffl ffl ' ' ' ffl ^pIq 

p times p times 

for all p/q € Q fl [0, 00 ). By the semigroup property again, continuity at 0 implies 
continuity at any t, which yields pt = t't for all t > 0. Hence, TZfj,^ = tlZ^ii as claimed. 
This hnishes the proof. □ 


5. Additive bi-free convolution semigroups 


Let /X be a compactly supported probability measure on M. Then there exists an 
additive free convolution semigroup with /xi = /x, where the existence of /x* for 

large t was shown by Bercovici and Voiculescu in [3], and later extended to all t > 1 
by Nica and Speicher in [9]. In the bi-free setting, we will use the method of Nica and 
Speicher to show the existence of the additive bi-free convolution semigroup generated 
by a compactly supported probability measure on Let us first recall some definitions 
and results regarding free compressions. We refer the reader to [101 Lecture 14] for 
details. 


Definition 5.1. Let {A^q}) be a non-commutative probability space and p G A a pro¬ 
jection (i.e. p^ = p) such that p(p) ^ 0, then we have the compression (pAp, 
where 

pAp = {pap : a G A} 


and 

= 1 ^(.) 
y^ip) 

restricted to pAp. The compression is also a non-commutative probability space with 
unit element p = p-l-p. Moreover, (k„)„>i will denote the free cumulants corresponding 
to (fi and will denote the free cumulants corresponding to 
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Suppose that (A, ip) is a non-commutative probability space and p,ai,... ,am G A 
such that p is a projection with p{p) ^ 0 and p is free from {ai,..., Om}- Then recall 
from [TOl Theorem 14.10] that we have 

■ ■ ■,pai(n)P) = ^^«^«(p(p)a*(i),..., p(p)ai(„)) 

for all n > 1 and all 1 < i(l),..., i{n) < m. In particular, if {A^ p) is a C'*-probability 
space, p, oi,..., Or, 6i,..., G A are self-adjoint random variables such that p(p) ^ 0, 
p is free from {oi,..., a^, 6i,..., K}, and [at, bj] = 0 for all 1 < *, j < ?", then we have 

i^^+nipai{i)P, ■ ■ ■ ,pat(m)P,pbj{i)P, ■. ■ ,p&j(„)p) 

(5.33) 1 

= -^^Km+n{p{p)a,(^i), . . . ,p{p)ai(^rn),P{p)bj(l)r ■ ■ ,P{p)bj{n)) 

for all m,n > 0 with m -|- n > 1 and all 1 < j(l),...,i(m), j(l),..., j{n) < r. 

We shall use the following result to show the existence of the additive bi-free convo¬ 
lution semigroups. 


Lemma 5.2. Given random variables ai, 02 , and p in some C*-probability space (.4, p) 
such that ai = a\, 02 = 02 , [ 01 , 02 ] = 0, and p is a projection free from { 01 , 02 }, there 
exists a compactly supported probability measure p on such that 

n = >^^m+ni.PO-lP, ■ ■ • ,pOiP,p02P, . . . ,p02p) 

'-V-' '-V-" 

m times n times 

for all m,n > 0 with m -\- n> 1. 


Proof. Let ii,... ,in S {1,2} and let ct S be a permutation. Denote pajp by Xj for 
j = 1,2, then by the moment-cumulant formula and [13 Theorem 14.10], we have 




pAp 


{xp 


( 1 ) 


■■■Xi 




7r£NC(n) 

7i-GNC(n) 

P{p)~^ X! «^(</5(p)o,,,...,(p(p)oi„) 

7rGNC{n) 

7rGNC{n) 

pP-^P {Xi, ■■■XiJ, 


where the second equality follows from (15.331) . Consider now the 2-sequence M = 
defined by Mm,n = pP-^P{xf^x'^) for {m,n) G Z^\{(0,0)} and Mop = 1- 
It is easy to verify that the sesquilinear form [•, •] induced by M satisfies the conditions 
(1) and (2) in Theorem 12.71 Indeed, observe that for any q = ^ C[s,t], 
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the identity shown above yields 


i 


[q,q]M = ^ CjCkM, 
j,k=i 


mj+mk,nj+nk 


e 



J,k=l 

i 


e 



> 0 . 


Similarly, one can see that |[sg,g]M| < L ■ [q,q]M and |[g, tg]M| < L ■ [q,q]M, where 
L = max{||ai||, ||a 2 ||}. Thus M is a moment sequence whose representing measure /r is 
a compactly supported planar probability measure. By the moment-cumulant formula 
and the identity ipP-^P (^i.T(i) ‘ ‘ ‘ ^*.T(n)) = {xi^ " ' again, one can see that the 


desired identity in the lemma holds. 


□ 


Theorem 5.3. Let ^ be a compactly supported probability measure on K^, then there 
exists an additive convolution semigroup of compactly supported probability mea¬ 

sures on such that 


pii = pi and pis ffl ffl/rt = pis+t 


for all s,t> 1, and the mapping 1pt is continuous with respect to the weak* topology 
on planar probability measures. 

Proof. Let (a, b) be a two-faced pair in a C'*-probability space (.4, ip) such that a = a*, 
b = b*, [a, 6] = 0, and the distribution of (a, 6) is p.. For any t > 1, let p G .4 be 
a projection such that (/?(p) = 1/t and p is free from {a, 6}. Note that for given p, 
one can always realize such (a, b) and p. For example, consider a and b to be the 
multiplication operators on the Hilbert space with respect to the first and 

second coordinates of R.^, respectively, and consider p to be the multiplication operator 
by X[o,i/t] on L^([0,1], dx). Then {a,b) and p satisfy the required properties in the 
reduced free product of and £°°([0,1]), the C*-subalgebras of ,dp)) 

and l],dx)) consisting of multiplication operators induced by L°° functions on 

and [0,1], respectively. 

Consider the two-faced pair {p{ta)p,p{tb)p) in the compressed space {pAp,(pP'^P). By 
Lemma 15.21 there exists a compactly supported probability measure pt on R^ such that 



I^m+n{p(.t0,)p, ■ ■ ■ ,p{ta)p,p(.tb)p, ■ ■ ■,p{tb)p) 


m times n times 


n times 




m times n times 
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for all m,n > 0 with m + n > 1, where the second equality follows from (15.331) . This 
shows that 

— / o I I 

'^m,n '^m,n ' '^m,n 

for all Sjt> 1, thus fj-s+t = fflMoreover, it is clear that fii = and the mapping 
1 1 —>■ ttv!^ ^ is continuous, hence all moments and cumulants of fit are continuous in t. □ 
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